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Introduction. Suppose N is a closed π-dimensional smooth manifold and M is a 2π-dimensional smooth manifold. For any immersion with normal crossings (having singularities of double points only and meeting itself transversally)/: N -> M, the set of double points D{ f) = {f{x) | there exist y ψ x, f(y) =/(*)} is finite. In 1944, Whitney For any π-plane bundle η over N 9 the James-Thomas number of TJ is the number of equivalence classes of w-plane bundles which are stably equivalent to η.
By Whitney [13] , there is an immersion with normal crossings /': N -> M such that f'^f and /(/') φ /(/). Now, if the James-Thomas number of *>(/) is equal to 1, then v(f) is equivalent to v(f) 9 and /(/) cannot be determined by the homotopy class of / and the normal bundle v{f). The main purpose of this paper is to prove the following: Note. The James-Thomas number of v(f) depends only on the homotopy class of/.
To prove the Theorem, we utilize the construction of Brown [3] and give a formula in some stable homotopy class, which is similar to the one for case (A).
We arrange the paper as follows:
1. In §1, we study the James-Thomas number (the approaches are motivated by [7] ), and show that, if N is path-connected and the JamesThomas number of η is greater than 1, then the Wu-orientation (defined as in [2] ) of η is completely determined by the homotopy class of the map in the base spaces (detail see (1.4) and (1.7) ). This was studied by Dupont [4] and earlier by Brown [3] in another version. Thus, essentially there is nothing new in this section.
2. In §2, with the help of construction given by Brown [3] , we construct two stable homotopy classes in {S 2λ2+/c , T(ζ) A K(Z 29 n)} (£ is some fc-plane bundle) for an immersion from N n to M ln and the difference of these two stable homotopy classes gives the self-intersection number /(/). By (1.7), we have the invariance property of the two stable homotopy classes and hence that of /(/) (detail see (2.6) ). The proof of the formula in (2.6) depends on the technical result of (2.5) , and the proof of (2.5) 1. The James-Thomas number. Assume η is an rc-plane bundle over the ^-manifold TV. To find all «-plane bundles which are stably equivalent to ij, we consider the spherical bundle of the Whitney sum of η and the trivial line bundle ε 1 over N and a cross-section /: TV -» S(η θ ε 1 ). Let V(f) = {v E (η ® e ] ) x |i; -Lf(x), x E N} be the orthogonal complement of the subbundle {tf(x) \x E N, t E R}. Then, any rc-plane bundle which is stable equivalent to η is equivalent to η(f) for some cross-section/. Furthermore, choose an embedding φ: D n -> N and a local trivialization φ: PROPOSITION (1.1) . Suppose N is path-connected.
( 9 for all integers i and k.
i) When n is even and V(η) is orientable, η(f t ) is not equivalent to
(
iii) If n is odd, η(/ +2^) is equivalent to η(f t ), for all integers i and k.
(Proof of (1.1) is in §3.)
Now we introduce a terminology which is related to the James-Thomas number.
Suppose t; is a cohomology class in H n+λ (BO\ G) for some abelian group G. DEFINITION (1.2) . Suppose £ is a /c-plane bundle over X. For a vector bundle automorphism Φ of ξ, Δ^ξ, Φ) is the fc-plane bundle ξ X J/(t>,0) -(Φ(υ), 1) over IXS Note, η is t -nonsingular, if and only if, η restricted to each path-component is υ-nonsingular. It is enough to prove (1.4) for the case that N is path-connected.
, / integers, are sections defined as above. Let/= Φ°/ o . Then η(/) is equivalent to vifo) by Φ \η(f o y If/is homotopic to f lk , for some integer k, by non-zerosections, then we may construct a cross-section on Δ^TJ θ ε\ Φ) which meets the zero-section with 2 k points and transversally, and this implies f^,+ i(Δ,(τj θ ε\ Φ)) = 0. Thus/is homotopic to/ 2Λ+1 for some integer k, and hence, η(/ 0 ) is equivalent to η(/ 2 £+i). By (l.l)(i), n is odd or V(η) is non-orientable; also, by (l.l)(ii) and (iii), η(/) i s equivalent to TΪ(J^ ) for all integers /, j. This proves (1.4) .
Let v n+ι be the (n + l)th Wu class and e t be the class in H^O; Z 2 ) which transgresses to W i+λ for positive integers /. Then there are two equivalent statements of ^+ 1 -nonsingular. PROPOSITION (1.5 For (iii), it is enough to note: When / φ 2\ for r: integer, ΐ; z (0(φ)) = 0; and when / = 2 r , ϋ,.(0(φ)) = φ*(e, -i) Now, for a class t> G H n+ \BO\ G), we shall define the ϋ-orientation as in Brown [3] and Browder [2] .
Let K denote the Eilenberg-Maclane space of type (G 9 n+ 1), P(K, *) be the path space {a: I -» K\a(0) = * , the base point} and 
7). Suppose a vector bundle η over X is v-nonsingular. Two v-orientations (W^W^: (η, X) -> (Γ, BO(v)), i = 0,1 <?π η equivalent, if W o is homotopic to W v
(Proof is in §3.) 220 SU-WIN YANG 2. Main result and its applications. First, we state the construction given by Brown [3] .
In the following Wu-orientation is the υ n + x -orientation and ζ is the vector bundle ζ Όn+λ of dimension k defined in §1. For an embedding e: X -> R m+k of a smooth compact m-manifold X in R m+ * with normal bundle v{X) and a Wu-orientation on v{X), (V 9 V): (v(X), X) -> (f, BO{v n + λ )) 9 we have the (m + k)-S-duality map, associated with the embedding e> α e : S™+ k -
* T(v(X)) A (X/dX) and the map of Thorn spaces induced from V, T(V): T{v{X)) -» T{ζ). Consider the map (T(V) Λ u) o a e : S m + k 4 T(v(X)) Λ (X/dX) -4 Γ(f) Λ 7 and the associated stable homotopy class {(T(V)
, where w is a map from X/dX to a space 7.
PROPOSITION (2.1). Suppose X and u are fixed, k > m + 2, and v{X) is υ n + x -nonsingular. Then the stable homotopy class {(T(V) Λ u) ° a e ) depends only on the homotopy class of Vin [X, BO(v n + ι )].
Proof. First note that, when k > m + 1, v(X) is independent of the embedding e.
Consider an embedding g: X -> R m+ * and a Wu-orientation of the ( (2.4) Proof. By (2.2), we have (i) and
normal bundle v(g), (W θ9 W): (Kg), X) ->& BO(v n+ι )) such that Wis homotopic to V. We should show that (T(W 0 ) Λ u) ° a g is homotopic to (T(V)
, and, by the definition of Thorn construction, we have the equality
PROPOSITION (2.5 (1) g is homotopic to /, (2) the normal bundle of f and g are equivalent, then I(g) -/(/) (mod 2).
Proof. We need only to show that (iii) implies (iv). Assume (iii) and the assumption in (iv). Consider a compact 2^-submanifold M r of M such that the homotopy of / and g is contained in NT. Then, by (2.6),
The following two applications directly follow (2.7) and (1.5).
COROLLARY (2.8) 
